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SUMMARIES 
1977 is the two hundredth anniversary of the death 
of Johann Heinrich Larnbert, a little known but 
nonetheless intriguing figure in 18th century science. 
In the general histories of science and mathematics 
Lambert's contributions are often described piecemeal, 
with each discovery and invention usually divorced 
both from the method by which he arrived at it and 
from the totality of his intellectual endeavour. 
To the student of optics he is remembered for his 
cosine law in photometry, to the astronomer for his 
work on comets, to the meteorologist for his design 
of a gut hygrometer, and to the mathematician for his 
work on non-Euclidean geometry and his demonstration 
of the irrationality of TI and e. There is no doubt 
that each of these contributions had a definite 
importance of its own; but it is not the aim of the 
present article to enumerate in this way the high 
points of Lambert's scientific and mathematical work, 
rather to describe it for once as a unified whole, 
and to relate it to the contemporary intellectual 
outlook. 
1977 est l'ann&e du bicentenaire de la mort de 
Johann Heinrich Lambert, personnage peu connu mais 
neanmoins intrigant de la science du dix-huitieme 
sikcle. Dans les histoires g6&rales de science 
et de math&matiques on d&rit souvent les 
contributions de Lambert par bribes et sans 
organisation, chaque d&ouverts et chaque invention 
d'habitude s&pa&es a la fois de la methode par 
laquelle il y est arrivg et de la totalit de son 
effort intellectuel. L'gtudiant de l'optique se 
souvient de Lambert 2 cause de sa loi de cosinus 
dans la photomgtrie, l'astronome 2 cause de son 
oeuvre au sujet des comstes, le m&&orologiste a 
cause de son dessin d'un hygrombtre a boyau, et le 
mathgmaticien 2 cause de son oeuvre au sujet de la 
g&ometrie non-euclidienne et de sa d6monstration de 
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l'irrationnalit6 de II et de e. I1 n'y a aucune 
doute que chacune de ses contributions est d'une t&s 
haute importance en elle-meme, mais ce n'est pas le but 
de notre d'&um&er de cette facon les points capitaux 
de l'oeuvre scientifique et matkmatique de Lambert, 
mais plut6t de le d&rire cette fois dans son int&gralit6 
et par rapport 2 la conception de la vie intellectuelle 
actuelle. 
I. INTRODUCTION 
Lambert was born in Mulhouse in the Alsace on 26th August 
1728. Largely self-taught, at the age of twenty he became for 
ten years tutor to the family of the Reichsgraf Peter von Salis, 
escorting the children on their Bildungsreise through Europe in 
17.56-8, during which period he met KXstner and Tobias Mayer. 
Then followed a peripatetic period while Lambert sought a 
permanent scientific position for himself, finally obtaining a 
place in the Academic Royale des Sciences et Belles-lettres in 
Berlin on 10th January 1765. There he stayed, drawing a special 
academic pension and presenting papers regularly to each of its 
classes, until his death on 25th September 1777. 
A true polymath, Lambert's interests extended to philosophy, 
logic and semantics on the one hand, and to instrument design, 
the practical details of land surveying and the construction of 
useful mathematical tables on the other. He was no genius, but 
a man of great intelligence and imagination with occasional 
sparks of brilliance; he aimed at clarifying the fundamentals of 
his subjects, but was never profoundly original either in his 
mathematics or in his science. The fascination of his work for 
us lies in the composite nature of his endeavour: he not only 
propounded a philosophy which showed significant modifications 
of current ideas, but also suggested a methodology of science in 
harmony with his philosophy. Further he was a practising 
scientist who achieved at least a limited degree of success in 
his investigations. For one man to undertake these three 
activities was then indeed rare; scientists might pay lip-service 
to methodology, seeing themselves largely at this period as 
following the 'Newtonian' method, but very few (and Newton 
himself had not been among them) bothered with a detailed analysis 
of the so-called method to which they adhered so passionately; 
it is doubtful, indeed if they would have found such an analysis 
possible. In the same way the philosophers, although they might 
discuss at length the nature of perception and the validity of 
sense-experience, gave no solid guidelines for the scientist to 
follow in his experimental procedure. Let us say at once, 
however, that Lambert, in his rare attempt to link philosophy 
to methodology and methodology to method, was neither totally 
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coherent nor startlingly successful; indeed we emphasize here 
the very inconsistencies in his work--the failure of his method- 
ology to produce good method, and his use of successful methods 
which lie outside his methodology [l]. 
The breadth of Lambert's interests throughout his life was 
enormous, and he was prolific, producing both books and papers, 
published and unpublished, in German, Latin and French, which he 
wrote with equal ease. But his interests lay for the most part 
outside the mainstream of 18th century science and mathematics. 
He scarcely constributed to the profound development of the 
methods of the calculus, and played no part in the great advance 
in rational mechanics of his day. In his experimental investi- 
gations (which were limited to topics in physics and applied 
mathematics) he did not share the contemporary enthusiasm for the 
study of static electricity, and even in his researches into 
heat and light he dealt with aspects which were not greatly in 
vogue amongst his fellow physicists. 
Lambert's "Monatsbuch" (a set of brief notes on his researches 
between 1752 and 1777; see [Bopp 19151) shows clearly how 
throughout his working life his interest shifted rapidly from 
one topic to another apparently at random. This makes it 
impossible to describe his work coherently in a simple chrono- 
logical sequence; we have therefore followed the somewhat 
artificial but simpler expedient of dealing first with Lambert's 
philosophical ideas and the methodology they imply, and then 
relating these to each of his physical and mathematical interests 
in turn. 
An excellent bibliography of Lambert's work [Steck 1943, 
19701 together with the more recent references to be found in 
the Dictionary of Scientific Biography [Scriba 19731 make it 
unnecessary for us to enumerate Lambert's works or the commen- 
taries upon them in this paper, but we would like to draw 
particular attention to the works of Roger Jaquel on Lambert, 
especially [Jaquel 19691. For Lambert's scientific work see 
also [Tilling 19731. 
II. PHILOSOPHY AND LOGIC 
LAMBERT'S PHILOSOPHICAL IDEAS 
As well as a number of short articles, Lambert wrote two 
major philosophical works, the Neues Organon [1764] and the 
Adage zur Architectonik [1771]. Lambert's philosophy in some 
respects followed that of Christian Wolf and his school, (and so 
ultimately derived from that of Leibniz); he attempted to deduce 
rationally from a few fundamental ideas and axioms a complete 
and self-consistent system of knowledge. But he rejected Wolf's 
total reliance on reason, feeling that man's intellectual powers 
were finite, and might indeed lead him astray. He considered 
that, as far as scientific knowledge is concerned, experimental 
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and observational evidence could do more than merely provide an 
a posteriori verification of rational inferences; it could 
provide guidelines for our reasoning processes. At the same 
time he emphasized that the evidence of the senses is itself 
suspect, and that great care needs to be taken over assessing 
the reliability of observations and experiments [Neues Organon 
Vol. I, Ch. 8, 91. He insisted very strongly on the quantitative 
nature of science [Neues Organon Vol. II, 237 and passim] , but 
realized that in practice we cannot make real measurements with 
geometrical precision, so that mathematical laws as descriptions 
of experimental data cannot be considered as any more precise 
than the measurements they represent. Nonetheless Lambert saw 
mathematical law as the very basis of a scientific description 
of nature; descriptive models, in terms of particles or fluids 
endowed with qualities, might form a useful intermediate tool, 
but could play no part in the final mathematical account of 
natural phenomena. 
This dual critique, both of the strength of our reasoning 
powers and of the validity of sense experience, means that 
Lambert’s work represents a marriage between the two great 
schools of thought, the Newtonian school (by this time strongly 
supported by most scientists, but lacking a philosopher to act 
usefully as its spokesman) which insisted on deduction of 
scientific laws from experiment, and which had a strong distaste 
for unproven hypotheses, and the followers of Wolf (whose 
contributions to science were relatively small) who treated all 
sense experience as doubtful and the powers of reason as supreme. 
Lambert was not alone in his choice of via media; Kant of course 
was soon to express very similar ideas with far greater sophisti- 
cation and success, and the scientists themselves, whatever 
methodology they claimed to espouse, had long been combining the 
two modes of approach in a naive and often uncritical way. 
LOGIC 
Lambert’s interests in the processes of rational deduction 
led him to an interest in an ars combinatoria or, as he called 
it, characteristic, an analysis of ideas which again resembled 
that of Leibniz. Such an ars combinatoria would be a vast 
extension of formal logic, enabling all arguments to be 
presented in a systematic way and displaying the logical 
relationship of one proposition to another. It would also 
facilitate the analysis of a proposition into its simple parts, 
upon which its meaning and truth depend. Although extremely 
interesting, and hitherto slighted, Lambert’s work here is 
merely a large beginning, spotted with inconsistencies, never 
building into a profound or incisive theory. It fails to be a 
significant contribution to mathematical logic, and has never 
made a viable mode of scientific discovery; its real importance 
resides in its relationship to his philosophy. 
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Lambert grounded his philosophy in an analysis of ideas. In 
the Neues Organon, Volume I, “Alethiologie”, he attempted to 
give an account of simple ideas [einfachen Begriffe §§67-1171, 
those from which all other ideas can be built up but which 
cannot themselves be resolved. He had already given a partial 
listing of such in 036, which included matter, motion, space, 
time, existence and oneness. From simple ideas Lambert turned 
to compound ones (zusammengesetzen Begriffe) and in the final 
section of “Alethiologie” Lambert considered the difference 
between truths and errors, and elementary propositions involving 
ideas A, B, C, such as: A is B, B is not C, all A are B. In 
5228 he makes the important and characteristically Leibnizian 
remark concerning ideas in general that the thinkable and the 
possible are synonymous: “Alles Gedenkbare ist moglich, Alles 
Mogliche ist gedenkbar”. 
Volume II of the Neues Organon begins with a section called 
Semiotik, which Lambert defined as the study of the signs for 
ideas (Zeichen der Begriffe) and the relationship between things 
and their signs (§ 23). After a survey of signs found in music, 
dance, astronomy, navigation and elsewhere Lambert turned to 
his real aim (535a) : “Here we consider algebra not as algebra 
but as characteristic, so we presuppose and thereby note that 
this science only determines which combined possibilities out of 
all the possible combinations, derive from the unconditional 
postulates of the theory of magnitudes, how far they extend, 
what relationships they have, and how they permit transformations 
from one to another.” [ 1764, 231 [2]. He then introduced a 
threefold classification of signs for things: things known, 
things unknown and variable, and things which are purely relative 
or indeterminate. We shall discuss this classification below. 
In addition he provided symbols for various logical operations, 
of which the most useful is his symbol + for the combination of 
two ideas, which he called Zusetzung (see also below), and the 
other one we shall need to discuss shortly is the symbol: or 1, 
which he called Aufl?kung, and signifies abstraction in a sense 
we hope to make clear. He then proposed a general art of signs 
in the manner, as he says, of Wolf and Leibniz, but what follows 
is almost exclusively a study of natural languages, especially 
German. 
Central therefore, to Lambert’s work in formal logic are 
his conceptions of the idea, and of the formal manipulation of 
ideas by means of an algebra of signs. But his treatment 
contains several unfamiliar features which separate it from 
modern work in this area, and one would miscontrue it if one 
saw it as an early and imperfect attempt to do Boolean logic. 
It is more a logic of ideas conceived of intensionally rather 
than extensionally. In 53 of the “Erste Versuch” of the Logische 
und Philosophische Abhandlungen [1782b] Lambert wrote of ideas 
and their signs: “When one develops the signs of a thing one 
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finds that some of these signs (Merkmale) [Lambert frequently 
used Merkmale as a synonym for Zeichen, see e.g., his "Erste 
Versuch"] are common to others, and these signs taken together 
make up the idea of a species (Geschlecht). The other signs are 
proper to the thing and accordingly distinguish the thing from 
other things. One therefore calls these signs taken together 
the difference (Unterschied) of the category (Art). Taken 
together the species and the difference of a thing make up the 
idea of a thing." [1782b, 31 [3]. Lambert denoted the Geschlecht 
by y and the Unterschied by 6. 
Lambert's meaning is not clear, and the following example, 
which is not one of his, may help. (In general Lambert avoided 
giving examples.) Gold is a thing with many properties: its 
colour, its being a metal, and so on. The property of being a 
metal it shares with some other things, for example silver. 
All metals taken together make up the idea of the species 'metal'. 
Certain other properties are unique to gold, they characterize 
it and differentiate it from all other things, and together 
form its 'difference' (Unterschied). Gold--and Lambert does 
not really distinguish between gold and the idea of gold--is the 
combination or sum of its species properties and its dis- 
tinguishing or differentiating properties. In symbols, if a 
denotes the idea of gold, ay denotes the idea of gold as a metal, 
a6 what is characteristic of gold, and a = ay + a6. Lambert 
then proceeded to a calculus of signs, to the following obscure 
effect: he began with expressions like ay + a6 = a(y + 6) = a, 
and a = a(y + 6)2 , but, he noted (220): "The idea ay2 + a6y is 
very different from the ideas (ay + a6)y and ay(y + S), because 
(ay + a6)y = ay(y + 6) = ay but this is not ay2 + a6y. Thus 
(ay + a6)y cannot be changed into ay2 + a6y. . . . That is: the 
Geschlecht of many signs taken together is not of the same sort 
as the Geschlecht of each sign " [1782b, 91 [4]. In the next 
paragraph he deduced that there must be a difference between 
a/Y . y and ay/y. Precisely: a/y l y = a and ayly is a category 
of the same Geschlecht, but undetermined. To see more clearly 
what it is that is determined it is helpful to reconsider 
our previous example in which the sign a denoted the idea of 
gold. Forming ay yields gold species i.e. metal, and then 
ceasing to think of the species aspect of this idea, dividing 
by y, one might say, presents it as the idea of some metal or 
other, but which is undetermined. By contrast, a/y l y = a 
because one can always take an idea (say, metal) think of an 
example of it a/y, (say gold) and then recapture the original 
idea of which a/y is an example. 
Unfortunately this process of thought is not as clear as it 
must have seemed to Lambert, and he committed himself to some 
tendentious expressions in the course of his exposition, for 
instance when confusing gold with the idea of gold, as well as 
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some which are downright obscure, such as power series expansions 
of a(~ + 8)” for n = 2,3,4,... (113). However, enough has 
already been said to indicate that Lambert is not foreshadowing 
the modern calculus of classes due to Boole. In that calculus, 
denoting gold once again by a and metal by ay, with the natural 
interpretation of + as union, it is wrong to write a = ay + ab 
because clearly ac ay . Leibniz had advocated an intensional 
system of logic in his Elementa Calculi [1679] which however he 
did not publish. 
Leibniz wrote there “[I prefer to] consider universal concepts 
or ideas and their composition, for these do not depend on the 
existence of individuals” [Ishiguro 1972, 37; Parkinson 1966, 17- 
241 . As Ishiguro notes, one can thus think of possible worlds 
as well as the actual one, and for Leibniz ‘exist’ meant ‘can 
be conceived’. We believe that Lambert too was trying to base 
logic on the inclusion relation of concepts, but nonetheless much 
of his logical calculus has an extensional character, which he 
arrived at by tacitly--or perhaps unconsciously--specifying the 
world in question. 
Lambert introduced various signs into his study of logic, of 
which one indicates most clearly how he viewed the subject. His 
sign for (greater) generality (Allgemeinheit) was >, as in A > B, 
and he made it the subject of a note appended to the “Vierte 
Versuch”, p. 138 §3-6, where he specifically rejected the idea 
that A > B means A has in it more genera or species than B and 
that B is contained in A as a subspecies. Instead it means that 
A is a ‘lesser idea’ having more signs than B, indeed all the 
signs of B and then some more of its own, so B is found in A as 
a property. Thus, he said, 5 > 3 is the statement that 5 
contains the three unities of 3 and two more of its own. So for 
Lambert it would be the case that gold > metal, as we have 
argued. 
We shall now consider Lambert’s study of logical operations. 
In an appendix we compare our treatment of this topic with that 
offered by Professor N. I. Styazhkin in his History of Mathema- 
tical Logic from Leibniz to Peano [1969, 112-1271. 
Lambert is at his most explicit about logical operations in 
the “Erste” and “FUnfte Versuche”. In the “FUnfte Versuch” he 
introduced four operations and supplied symbols for them: 
Zusammensetzung, written +; Absonderung, for which he gave as 
synonyms wegnehmen and ohne and suggested the sign -; Bestimmung 
or Verbindung, which he denoted by x or by simple juxtaposition 
of symbols, and Abstraction, which he also called Auflasung and 
Trennung, and denoted by 1, or . We suggest as English versions 
of these: logical addition, logical subtraction, logical multi- 
plication and logical division. The operations of logical 
addition and logical multiplication resemble union and inter- 
section of sets--that is, if we think extensionally--and the 
other operations are intended as inverses. 
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Note, however, that Lambert considered logical addition, 
which he referred to later in the "Fiinfte Versuch" (561) as und 
or mit in the cases where what is being added is the same in 
each case A = B = c = . . . (519): A + B = ,?A, since A = B, and 
A f B + C = 3A, and so on. He took as a special case A = 1, 
and obtained 2A = 2, and so on, remarking that addition and 
subtraction are special cases of logical addition and,logical 
subtraction. So it seems to us that Lambert used + to stand, if 
one thinks extensionally, for union, with the common part 
counted twice. The intensional interpretation is similar, and 
we should perhaps remark at this point that Lambert never 
considered negation deeply enough for the difficulties of the 
intensional position to bother him, and he slipped naturally 
from one to the other, especially when, as in this case, it is 
easy to do so. 
More important, however, because Lambert's interests in 
language remained paramount in his mind during his logical and 
philosophical researches, is his discussion of the legitimate 
use of the logical signs. He defined a substance ("Fifnfte 
Versuch" 510) as "Everything that one can consider as a whole 
existing by itself", and he insisted (526): "Those things that 
one wants to add together logically must be Substances . . . and 
the same applies to logical division. 927: The ideas that one 
wants to logically multiply cannot both be substances, but 
rather it is possible that both are ideas of relation or 
comparison (Verhgltnis) or adjectives. The ideas that one wants 
to logically divide can be Substances and Attributes, or both 
Substances or both Attributes." [1782b, 1551 [S] This clearly 
indicates that what Lambert was trying to accomplish was a 
logical algebra of concepts not assimilable to either the 
Boolean logic of classes or the propositional calculus of today. 
Logical subtraction and division were not always handled 
carefully by Lambert, and we have already noticed that they 
involved him in the use of indeterminate concepts. However, 
some indication of his use of them may be gained from the 
following examples of the tautologies he obtained in the "Erste 
Versuch". Let a and b be two ideas then Lambert wrote their 
common part ab, to express their common signs as he put it (925). 
The proper signs (Eigne Merkmale) of a are a - ab, since that 
signifies the idea a without ab. Equally well, the proper sign 
of a can be written alb, a with the idea b abstracted from it. 
Likewise the proper sign of b is bla, so he wrote (527) alb + 
bl a + ab + ab = a + b. The same tautologies hold for unknown 
ideas, where 'unknown' signifies what it does in elementary 
algebra, and Lambert extended the usual convention concerning 
unknowns in algebra to his characteristic by writing unknown 
ideas x, y, z.... In 528 Lambert considered what could be 
deduced from a/x = as. He wrote this as a - ax = a6, whence 
ax = a - a6 = ay, by definition of y and 6. Therefore a = ax + a6. 
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Then, doing without y and 6, Lambert wrote his results as 
ax + .1x = a, ax + xla = x, ax = a - elx and a]x = a - ax. 
Finally he solved the simultaneous equations x]a = b and 
a]x = c (§35), by deducing that ax = a - c = x - b, and's0 
x=a+b-c. 
We conclude this section on Lambert's logic with a brief 
look at his work on syllogisms and logical diagrams. Lambert 
used lines to denote sets, with common parts drawn under one 
another when two or more sets were being considered [Neues 
organon part I 59181-1941. In this he had been foreshadowed by 
Alstedius in 1614, and even by Leibniz in a work that however 
remained unpublished until 1913 [Bochenski 1970, 260 ff; 
Parkinson 1966, xlii, 731. He also dealt with statements like 
(3/4)A are B, and in the "Vierte Versuch" he gave a thorough 
treatment of the syllogism when such quantification is involved, 
summarizing his findings there on p. 107. The result is much 
algebra expended to little purpose, since the calculus that 
appears in the analysis of the various kinds of partial 
affirmative and negative statements discussed is of little value. 
III. EXPERIMENTAL PHYSICS 
LAMBERT'S RESEARCHES IN OPTICS 
As we have already hinted, Lambert's methodological avo- 
cations are by no means consistently followed in his actual 
scientific procedure; but in general'he seemed unaware of these 
breakdowns in his method, and at least in his own mind was 
following a clearly laid down methodology. An excellent example 
of Lambert's approach is provided by his Photometria [1760]. 
There he began, characteristically, with a lengthy discussion 
of the difficulties of defining and measuring the quantities 
he was to deal with. He discarded both wave and corpuscular 
theories, neither of which had been proven to his satisfaction, 
and favoured a more positivistic approach, refusing to give any 
hypothesis about the underlying nature of light. He began by 
emphasizing the difficulties of defining and measuring the degree 
of brightness, and showed that, as with temperature and loudness, 
an external, objective scale has to be set up in order to measure 
brightness quantitatively. He then looked at three qualitative, 
observational statements about light intensity that can be made 
purely on the basis of the eye's intuitive judgement: (a) Two 
or more candles provide greater illumination than one. (b) The 
nearer an object is to the eye the brighter it appears. 
(c) Light incident obliquely illuminates an object less the 
more oblique it is. He then transformed these statements into 
three independent quantitative laws. (a) Intensity is proportion 
al to the number of candles. (b) Intensity is inversely 
proportional to the square of the distance of the observer from 
the source. (c) Intensity varies as the cosine of the angle of 
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incidence of light upon the object viewed (Lambert's famous 
cosine law). Lambert realized that any one of these laws could 
be assumed and used to set up a brightness scale, and the other 
two could then be tested experimentally. Characteristically, 
he also tried to show how, given one of the laws, the other two 
could be derived logically, but his discussion of this point 
simply reveals him to be unclear about the status of quantitative 
definitions and remains inconclusive. 
On the basis of these three laws and the definition of 
brightness they imply, Lambert in his next chapter derived 
theoretically the various mathematical results which he was to 
use in the analysis of his experimental work on other photometric 
phenomena. Then in the third chapter he described in detail the 
experiments he used to confirm each of the laws, assuming one 
of the others as a definition. The remainder of the book deals 
with the analysis, based on experiment, of various other photo- 
metric phenomena: the reflection of light, subjective brightness, 
transmission and reflection coefficients, attenuation and 
dispersion in transparent media, the illumination of the planets, 
the brightness of the stars, and the intensity of colours. 
Optics was amongst Lambert's earliest interests. According 
to the "Monatsbuch" [Bopp 19151, he carried out experiments on 
reflection and refraction as early as 1755; in 1757 he began 
work on photometry, and, so he said, developed some sort of 
scale of light intensity. Then in 1758 he bought a copy of 
Pierre Bouguer's Essai d'optique sur la Gradation de la Lumik-e 
[17291, which was the first worthwhile treatise on photometric 
measurement. In 1759 Lambert's own Les Propri6tSs remarquable 
de la route de la lumike appeared, a largely mathematical 
treatise based on the known laws of refraction. In 1760 his 
Photometria was published, and the same year a second, posthumous, 
and much enlarged version of Bouguer's Essai appeared, as 
Trait6 d'optique sur la Gradation de la Lumike: Lambert 
acknowledged his debt to Bouguer's earlier work as well as to 
that of Euler and others [6], but he had not seen Bouguer's 
Trait& before his own Photometria was published. The two works 
cover much the same ground, but are very different in nature. 
Both dealt with photometric measurement of direct, reflected and 
transmitted light, developed formulae for the attenuation and 
dispersion of light in transparent media, and applied this work 
in the investigation of light from the sun, planets and stars. 
Apart from his cosine law for the intensity of illumination of 
a surface by an oblique beam of light, there was little in 
Lambert's work that had not also appeared in Bouguer's. There 
is no doubt that Bouguer was by far the more inspired experimenter 
of the two I and the originator of many results that Lambert 
merely copied from his Essai. Both were adamant about the 
primacy of experimental data; they differed in that Bouguer was 
vague about his definitions of intensity, and in places relied 
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on deduction from a physical model in order to predict his 
experimental results [7], whereas Lambert's theoretical arguments 
were purely mathematical in nature, and he eschewed all physical 
models. Both however, like so many of their contemporaries, 
relied unconsciously on an assumed simplicity in the laws of 
nature. A close comparison of the two works shows that Lambert's 
eminently reasonable methodology did not automatically assure 
a 'good' method--if we take 'good' to mean successful in 
producing 'correct' scientific laws. Bouguer's methodology was 
far more woolly (although clearly in essence Newtonian) but 
produced better results. 
We discuss below another interesting aspect of both Bouguer's 
and Lambert's books --their discussions of experimental error. 
Again Bouguer's treatment was practically more useful; but 
Lambert approached the problem from a wider point of view, and 
tried to create a generalised theory of errors. 
LAMBERT'S THEORY OF ERRORS, AND HIS USE OF GRAPHS 
Lambert's attempts at formulating a generalised theory of 
errors form not only an interesting part of his scientific 
endeavour, but also represent his only significant excursion into 
probability theory [Sheynin 1971a, 1971b]. Prior to his work 
there had been a number of attempts at the mathematical analysis 
of the frequency distribution of errors in a set of measurements 
of a single quantity but the conclusions drawn from these never 
seem to have been applied to real measurements. In observational 
work it was already commonplace to use arithmetic means on 
purely intuitive grounds and no need had been felt for a 
quantitative assessment of the reliability of the mean, SO that 
the shape of the error distribution was of no real concern. In 
more complex situations, where measurements were taken to verify 
a proposed two--or many--parameter theoretical relationship, a 
fit of data with theory was usually obtained by a combination 
of guesswork and gradual adjustment, until the residues (the 
differences between the observed and the calculated values) were 
deemed acceptable. One or two algorithms were developed [8]-- 
in particular Boscovich's 1757 method for fitting experimental 
points to a theoretical straight line and Tobias Mayer's 1740 
method for multi-parameter equations--but such methods were used 
only rarely, and there was no general feeling that a consideration 
of the significance of errors should form an important part of 
all experimental procedures. Lambert's own attempt to find a 
general theory of errors was thus exceedingly novel. 
It is hard to say whether Lambert evolved his error theory 
as a necessary outcome of his philosophical attitudes, or 
whether it arose from the intrinsic nature of the experimental 
investigations which he undertook, Two of his major discussions 
appear in his work on photometry (in the Photometria) and in his 
studies of geodetic measurement in his paper "Zur practischen 
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Geometric”, [BeytrBqe 1765]--both areas particularly liable to 
gross observational errors which cannot be ignored. Other 
workers had discussed errors in connection with both these 
topics-- and particularly in their investigations of the shape of 
the earth--but none had attempted the sort of general treatment 
which Lambert put forward. Particularly interesting is another 
paper by Lambert, “Theorie de Zuverlassigkeit der Beobachtungen 
und Versuche” [BeytrZiqe 17651 where he took a wide range of 
physical problems for his examples, problems which he grouped 
together according to similarity in the type of error treatment 
they required rather than according to the similarity of the 
phenomena they treated. 
At the beginning of his experimental discussions in the 
Photometria where he wrote of the eye’s sensitivity to brightness 
(pp. 129-130) Lambert drew four major conclusions (which we 
paraphrase here) about the significance of error in the testing 
of theories : (a) If we are testing some law deduced a priori 
or derived from other experiments, it suffices that the residues 
be less than the maximum error the eye can make. (b) If we 
vary the experimental conditions, and the residues vary in 
proportion to the changes we make, then either the law is untrue 
or is not dependent of these conditions. (c) If the law is true 
and universal, positive and negative errors will occur in 
random sequence. (d) If either positive or negative errors 
predominate, then either the assumed law is not true in all its 
details, or there is some systematic instrumental error. A very 
intuitive and commonsense guide, but this was the first time 
such a guide was explicitly given. It fits very well with 
Lambert’s philosophical attitude towards the r61e of hypothesis 
in experimental science. The puzzling thing is that Lambert 
should have given this very general guide in such a limited 
context--it is a set of excellent maxims for relating theory to 
data, and yet nowhere else in his work does he repeat them, not 
even in his philosophical writings, where he deals only in vague 
generalities with the sensitivity of our senses. 
In both the Photometria (pp. 41-2) and in his paper “Zur 
practischen Geometric” (pp. 296-301), Lambert tried to work out 
the shape of the frequency distribution of errors in observations 
of a single quantity; he looked at the method by which 
observations were taken, and analysed theoretically the nature 
of the errors to be expected. It is not at all clear whether 
he thought the shape of the distribution would be the same for 
all systems of measurement. Whatever the case, he found that 
the probabilistic calculations he required were so complex, that 
he could not describe the distribution fully, but could 0111~ 
deduce that it would be symmetrical about the arithmetic mean, 
and would decrease monotonically on either side towards a cut-off 
point. 
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Clearly Lambert was not wholly satisfied with his 
computations. In the paper "Zur practischen Geometric" he tried 
to find the shape of the distribution experimentally (p. 303); 
he showed that the frequencies of errors corresponded very 
roughly with the sort of error distribution he expected, but 
again he could draw no very hard and fast conclusions. 
Lambert also devised a method of assessing the reliability 
of arithmetic means. He tried to relate this to probability 
theory, but found this difficult, so that in fact his method 
is little more than an algorithm. The arithmetic mean of the 
observations was found, the most discrepant observation 
identified and eliminated, and a new mean found from the 
remaining measurements. The difference between the two values 
was taken as an estimate of the reliability. In his paper 
"Theorie der Zuverlassigkeit" (pp. 430-2) Lambert extended his 
methods to the testing of a law of the form y = mx + c. 
Observational data gave a set of values of x and Y, and this set 
was divided into two more or less equal groups, with all the 
lower values of y in the first group and the higher in the second. 
If all the observations were plotted graphically and the centre 
of gravity of each group found (analogous to mean-taking) then 
the two centres of gravity could be joined together by a straight 
line, from which the parameters m and c could be determined. 
A reliability estimate could be obtained by removing the point 
(x, y) which deviated most from the line, and determining a new 
line from the depleted set of data. (Again the method was little 
more than an algorithm, and Tobias Mayer had used a somewhat 
similar method earlier [Mayer 1750, 151-1591 [9], but Lambert's 
work seems to have been done independently. 
Lambert sometimes plotted experimental graphs in order to 
analyse his data [see Tilling 19751; this too was a novel step. 
In his paper "Theorie der ZuverlXssigkeit" he showed how graphs 
may be used to reveal and measure periodicity, to determine 
rates of change, to test the validity of an assumed relationship, 
and so on. In other of his papers, and particularly in his 
Pyrometric [1779], Lambert actually used graphs in the course of 
his experimental investigations--and sometimes misused them. 
Although now we can extract very easily from Lambert's work 
those graphical techniques which could be, and indeed have since 
been, extremely fruitful for the analysis and presentation of 
data, it appears that his contemporaries could not. His work 
on graphs went virtually unnoticed, and it was not until at least 
the beginning of the 19th century that techniques of this kind 
came into common use. 
Despite his emphasis on the reliability of data in these 
sections of his work, and the importance he placed on the 
fallibility of the senses in his philosophical works, we 
searched in vain for any explicit reference to the quantitative 
analysis of errors in Lambert's philosophical writings. Yet 
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nonetheless it is tempting to assume that his awareness of the 
need to treat errors--an awareness in no way shared by his 
contemporaries--was somehow connected with his philosophical 
precept that a priori deductions must always be tested against 
empirical observation. 
LAMBERT’S WORK ON MAGNETISM 
Lambert is often stated to have arrived experimentally at 
the inverse square law of magnetic attraction. (Michell, of 
course, first gave the law in 1750, but did not describe his 
experimental procedure [John Michell Treatise of Artificial 
Magnets Cambridge 17501.) Lambert’s paper on the subject 
[Lambert 17661 appeared after his writings on the theory of 
errors was published. But did he successfully apply the methods 
of data analysis he had there developed? A brief look at 
Lambert’s paper reveals that he did not state what we now call 
the inverse square law at all. The ‘force’ Lambert measured was 
related to the couple acting on one magnet due to the presence 
of another; the separation was not the distance between two 
isolated poles, but between the centres of two magnets. Given 
force and separation defined in this way, we would expect to 
find not an inverse square law relating the two, but, approxi- 
mately, an inverse cube law. How then, did Lambert arrive at 
an inverse square law? 
He took a set of some 30 measurements of ‘force’ and 
separation, and decided to test the inverse square law first, 
because of the analogy both with gravity and with the decrease 
in light intensity away from a point source. He plotted the 
square root of his ‘force’ against the separation; the points 
he obtained were scattered, with more or less random deviations, 
about a straight line. Lambert, noting the deviations, was in 
no way dismayed; he felt the residues were well within the 
bounds the experimental errors to be expected. A reasonable 
enough conclusion, but had Lambert tried an inverse cube law 
(which is a close approximation to the true relationship), he 
would have found that his observations fitted this law just as 
well, if not slightly better. (This work is discussed at 
length in [Tilling 1973, 37-461. 
This trivial piece of work is nonetheless interesting 
because in many ways it characterises the contemporary approach 
towards quantitative experimental research: the assumption that 
the law will be simple in the testing of the assumed law, 
the neglecting of small discrepancies without due consider- 
ation of the nature of’errors and the failure to test 
alternative hypotheses. For -all his theory of errors Lambert, 
like so many others, allowed his conviction in the law he chose 
to blind him to the inadequacies of the method he used. 
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LAMBERT'S WORK ON THE SCIENCE OF HEAT AND METEOROLOGY 
A large number of Lambert's experimental researches were 
devoted to matters relating to meteorology and heat: expansion 
by heat, thermometry, radiation, convection, conduction, hygrome- 
try, heating of the earth's surface. Much of this work was 
incorporated in his posthumously published Pyrometrie oder vom 
Maasse des Feuers und der WA-me [1779] where he attempted to 
give a comprehensive treatment of the science of heat, beginning, 
as in the Photometria, with a long section on preliminary 
concepts and definitions. His main concern was that one should 
not make unwarranted assumptions about the nature of heat. He 
worried too about how temperature scales should be constructed, 
i. ,“ 
FIGURE 1 
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and how far one should trust one’s perceptions and intuitions 
about degree of heat. The main body of the work, in common with 
his shorter papers on heat and meteorology, treats heat and its 
effects very much at a phenomenological level, concentrating 
largely on description of instruments invented both by himself 
and others. The majority of this discussion is prolix and not 
very enlightening, except as a handbook of experimental 
procedure for others working in the same field; he made no major 
or far-reaching contributions to the science of heat. Lambert, 
adhering so adamantly to a positivist approach, seems here to 
have been trammelled by it; he did not here even allow himself 
his philosophical prerogative of making hypotheses provided he 
tested them afterwards, except in so far as he chose mathematical 
laws to describe his data empirically, and then assessed how 
well they fitted his data. As usual he totally avoided discussion 
of the underlying and unseen structure of matter. 
The most fruitful and original outcome of his methodology in 
the Pyrometric is the beautiful graphs which the work contains; 
we print an example here which shows his successful attempt to 
determine the periodicity, amplitude and lag of mean temperature 
variation at various depths under the earth’s surface. (See 
Figure 1). But again he often made mistakes. He drew straight 
lines through sets of points which could equally well lie on 
curved lines, glibly dismissing the residues as negligible, and 
he failed to notice errors which are clearly systematic. His 
method, again, does not live up to his methodology. 
IV. ASTRONOMY AND CARTOGRAPHY 
ASTRONOMY 
Lambert is chiefly famous in astronomy for two things: his 
study of comets, and his cosmological views on the nature of the 
Milky Way and stellar systems, which had interested him since 
1749. His work on comets is geometrical in method, and is 
devoted to simplifying the arduous mathematical task of 
calculating their orbits from observational data. Since they 
move in orbits which are conic sections having one focus in the 
sun but, generally, not lying in the plane of the ecliptic, the 
task is a two-fold one: to obtain their true orbit (as seen from 
the sun) ; and to obtain their apparent orbit (their path as it 
actually presents itself to an earth-bound and therefore moving 
observer) . Euler had already considered these problems in 1744, 
but his analysis was incomplete, and Lambert took them up often 
in the years following 1755, indeed, more or less every time 
there was a comet to see. His law of cometary orbits appears in 
163 of the “Van Beobachtung und Berechnung der Cometen und 
besonders des Cometen von 1769” [Beytr;ige 1772, 200-3221 and 
applies to a comet considered in its true orbit and traversing 
a parabola. It asserts that the time T for it to traverse an arc 
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MN is given 
T 
by 
= {(a+b+k) 312 - (a + b - k) 3'21/121n 
where m = 0.008601059 is a constant derivable from Kepler's laws 
of motion and, if F is the focus, FM = a, FN = b, Mti = k (MN is 
here taken as the chordal distance). A different version is 
given for the apparent orbit. Lambert here established, what 
was already known to Euler, that the time required by a comet 
to describe an orbital arc depends only on the arc chord and the 
sum of the focal radii at the ends of the arc. Lagrange 
regarded Lambert's formula as the most beautiful and significant 
discovery in the theory of planetary motion, because from it the 
whole parameterized orbit of a comet can be determined from just 
three observations taken at any time. 
Lambert's theory of the Milky Way was put forward in his 
Cosmologische Briefe [1761], which greatly excited the imagination 
of the German public and ran to several editions. It is a 
paean to God and gravitation, a celebration of the workings of 
the Heavens material and religious. Lambert considered the 
universe as a whole, all parts revolving in.various orbits and 
subject to Newton's laws of gravity. Each subsystem has a 
centrc about which it revolves--Lambert thought our system 
might revolve about the nebula of Orion--the centres revolve 
about higher centres and so on, in galaxies and systems of 
galaxies until the universe as a whole revolves about its centre 
[lOI* However, the book is better remembered now for Lambert's 
discussion of the Milky Way. He proposed that its observed 
appearance could be accounted for by assuming it to be made of a 
ring of stars all about equally far away. Lambert's Milky Way 
is, therefore, a ring and not, as is claimed by Scriba [1973, 
5981, a lens. Specifically, in the eleventh letter, pp. 140-142, 
Lambert suggested that whilst a thin disc of lights would 
accurately represent the distribution of stars near to us, it 
would be necessary to extinguish the lights in the middle 
distance so that those furthest away would stand out, like the 
Milky Way, as a continuous band of indistinguishable stars 
separated from the rest by darkness. Curiously, the Milky Way 
does not seem to have attracted much serious speculation about 
its nature before Lambert's time, as Jaki has pointed out in 
The Milky Way [1973]. 
CARTOGRAPHY 
Lambert's study of map projections characteristically united 
the theoretical, mathematical aspects with the practical. His 
concern with producing maps that were actually useful goes back 
at least to 1758, when he corrected a survey of some mountains 
in Prance, and he often discussed the practical problems of 
surveying, with reference for example to atmospheric refraction. 
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The theoretical study of map projections he wrote up in the 
"Anmerkungen und Zusa[tze zur Entwerfung der land und 
Himmelscharten" ([Beytrdge 17721. An Ostwald's Klassiker edition 
is also available, as is an English translation, Tobler [1972].) 
In it he discussed what can still be done given the impossibility 
of representing all properties of a spherical, still less a 
spheroidal, earth accurately upon a map. The impossibility 
arises, he pointed out, because the angle sum of a geodesic 
triangle drawn upon a sphere exceeds 180". Various projections 
are discussed: orthographic (from infinity), stereographic (from 
a pole) and central (from the centre!), Mercator's special 
angle preserving maps, including Lambert's own conical orthomorphic 
with two standard parallels which is internationally used today 
(953) and more general ones in which angles are preserved, but 
nothing else. At this last point the mathematics becomes quite 
hard, involving infinite series and differentiation. As he 
remarked (565) the problem is neither harder nor easier than the 
problem of reciprocal trajectories, twin families of curves on a 
surface, each member of the one meeting every member of the other 
at right angles, yet even here there is a reluctance to employ 
the methods of differential geometry, which distinguishes this 
work from the more advanced treatise of Euler [1777]. The short 
work also discusses maps of the heavenly sphere and concludes 
with the special problem of the spheroidal earth. 
V. MATHEMATICS 
We have often remarked in this paper on Lambert's attention 
to fundamentals, in the sense that, say, Euclid's Elements are 
fundamental to higher mathematics. Of his more narrowly mathe- 
matical works the "Ammerkungen und Zudtze zur pratischen 
Geometric" [Beytr;ige 17651 and his Freye Perspektive [1759, 17741 
well indicate his thoroughness. In "Zur practischen Geometric" 
he began by describing what he considered to be the basics of 
the subject. This included: the structure of the eye, the shape 
of the earth, the heaviness of bodies, the path of light and its 
properties under reflection and refraction, and atmospheric 
pressure; many of which were elsewhere made the subject of 
separate investigations by Lambert. Knowledge of these matters 
provides the practical geometer with straight lines (horizontal, 
vertical and parallel) and angles, and so allows for the use 
of (Euclidean) geometry, although we note that Lambert's exposi- 
tion is, strictly, trigonometrical. At the same time sufficient 
attention was paid to the reality of perception to make the 
work of interest to the physicist or the painter. Lambert's 
interest in drawing also appeared in the Freye Perspektive, 
where he discussed how to draw accurately in perspective, but 
that book is more significant for what it reveals of another 
aspect of Lambert's mind. In the concluding section, "Lineal 
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Geometric”, Lambert wrote of constructions in geometry: “For 
constructions with straight-edge perspective has a great 
advantage over geometry, for perspective parallel lines can be 
drawn without difficulty” [1759, 1621. By perspective parallel 
lines Lambert means parallels as they are actually seen, that is, 
in the case of lines in or parallel to the ground plane, meeting 
on the horizon line. Lambert went on: “[Constructions] can be 
done in perspective even when one or more pieces of data are 
lacking for a geometric exercise” [11] . He had already given 
an example of this in 9158 of Freye Perspektive; now in the 
“Lineal Geometric” he went on to give fifteen examples of 
constructions involving straight-edge alone or straight-edge 
and one fixed circle. Poncelet was to show in 1822 that all 
ruler and compass constructions can be done with this restriction. 
Lambert was also a generation before Mascheroni, who in 1797 
rediscovered the opposite problem of constructions by compass 
alone, treated by Mohr in his obscure Euclides Danicus [1672]. 
It would seem that two aspects of the study of perspective 
came together in Lambert’s mind to enable him to formulate the 
“Lineal Geometric”: parallels, defined as lines drawn to an 
object infinitely far away but meeting on the horizon line in the 
perspective drawing; and the preeminence of the ruler in the 
perspective drawing methods Lambert had already outlined. 
Whereas the latter fact may well have suggested to him the 
possibility of making such constructions, the former certainly 
governs his proofs of his results, which are expressed through- 
out in the language of perspective drawing. The constructions 
themselves range from: I, the determination of other points that, 
with four given points, lie on an ellipse; to IV, the construction 
of right angles (given a circle and its centre) ; VI, the 
division of a segment into a given number of equal parts; VII 
and X-XIII, the construction of parallels in given situations; 
and finally XV, the bisection of an angle. 
Lambert turned his attention to the ‘problem of parallels’ 
in 1765 (the problem concerns the necessity of Euclid’s 
assumption about parallel lines in the Elements, Book I, 
Postulate 5). He wrote to Baron von Holland about it in that 
year, and presumably through Kastner, whom he knew, he heard of 
the historical thesis on the problem that KlUgel had written 
under Kastner’s supervision two years before. In 1766 Lambert 
wrote up his own work on the parallel postulate in his Theorie 
der Parallellinien, but he could not finish it to his satisfaction 
and it was left to Johann III Bernoulli to publish it in 1786. 
Nonetheless it contains some fine observations and is the best 
work done on the problem before Gauss. 
Lambert followed Saccheri [1733], his most illustrious 
predecessor, in formulating the problem as one concerned with 
three alternative geometries, in which the angle sums of 
quadrilaterals (and therefore all polygons) alike exceed, equal, 
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or fall short of the value predicted for them in Euclid's 
geometry. In SO doing he did not mention Saccheri by name, 
either in the Theorie der Parallellinien or elsewhere, although 
Saccheri was discussed by Kldgel, but we should remember that 
Lambert was not offering the work for publication. This 
formulation seemingly offers the possibility of vindicating Euclid 
by reductio ad absurdum if the other hypotheses concerning 
parallels can be shown to be self-contradictory. The first case, 
which is equivalent to the assumption that the geometry has no 
parallels, Lambert disposed of much as Saccheri had, by 
establishing the contradictory result that the Euclidean parallel 
postulate can be proved as a theorem in it, but the third, 
'acute' hypothesis he could not refute. It is equivalent to a 
geometry in which, through a point P not on a given line 1 there 
are many lines through P not meeting 1, and this geometry is now 
known as the non-Euclidean geometry. (The first geometry 
Lambert had 'refuted', when suitably repaired, is now called 
projective geometry.) Lambert did show, however, what no-one 
had noticed before, that in such a geometry there would be an 
absolute measure of length, and also that the area of a polygonal 
figure was proportional to its angular defect--the amount by 
which its angle sum falls short of its 'Euclidean' value. (517 
and 82). In modern symbols, for a triangle with angles A, B, C, 
Lambert showed that the area = k2(+ - (A + B + C)). On a sphere 
of radius Rthe area of a spherical triangle with angles A, B, 
C, is h' + B + C - TI), so on putting r = R J-1 the area 
formula becomes area = r2(a - (A + B + C)). It is surely because 
of this relationship, which he discusses in 582 that Lambert 
was led to proclaim a geometry upon an imaginary sphere, but 
unfortunately it is not clear from his work what he took this to 
mean. W. S. Peters [1961-Z] has taken it to be a sphere on 
which the sides of triangles are purely imaginary but the angles 
are purely real, thereby turning the spherical geometry formulae 
into their hyperbolic equivalents. This was a transformation 
with which Lambert was familiar. Yet Lambert never mentions 
the hyperbolic functions in the Theorie der Parallellinien, and 
appears only to have had the matter of angular defect in mind. 
The real significance of the formulae of hyperbolic trigonometry 
for the development of non-Euclidean geometry had to wait for 
Beltrami's paper of 1868. 
Lambert considered the analogy between the circular and 
hyperbolic functions in two papers, one of which is the 
"Observations trigonometriques" [1770], in which Lambert, by 
regarding the hyperbolic cosine as the circular cosine of an 
imaginary arc, applied the formulae involving hyperbolic 
functions to calucations in spherical trigonometry, particularly 
astronomy, in the case when a star lies below the horizon and 
sides of the triangle can be taken as imaginary. The two basic 
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formulae of spherical trigonometry were considered in hyperbolic 
as well as in circular guise, but it seems that he never 
pondered the fact that those formulae seen as involving 
circular functions apply to a triangle in which the angle sum 
exceeds 180” whereas when seen as involving the hyperbolic 
functions they apply to a triangle in which the angle sum falls 
short of 180’. Furthermore, a simple limiting argument shows 
that a spherical triangle in which the sides tend to zero is one 
in which the angle sum tends to 180°, and the same is true of 
hyperbolic triangles. Now Lambert knew this result for spherical 
triangles, he had already stated it in the “Anmerkungen und 
ZusPtze zur Trigonometric” [Beytra'ge 17651, in his altogether 
thorough treatment of spherical trigonometry. One can only 
conclude in the absence of better evidence that the formulae 
of hyperbolic trigonometry were taken by Lambert to apply to 
triangles with imaginary sides, such as paradoxically may be 
said occur in the real world, much as spherical ones do, when 
astronomical problems are being discussed [See K. R. Manning 
1975, 311-3151. At the time Lambert was working the intrinsic 
nature of curvature of a surface had not been discovered (and 
with it the idea of geometry as intrinsic to a surface and not 
only to space), so there was no reason for him to take matters 
further. Furthermore, Lambert’s lack of facility with analysis 
must have weakened his appreciation of differential geometry, 
making it even less likely he would see to interpret the 
formulae of hyperbolic trigonometry as defining the properties 
of entities in a new geometry. 
Even so Lambert may have exercised a critical influence on 
Kant’s theories of geometry and space. The two corresponded 
between 1765 and 1770 (the letters are collected in Lambert’s 
Briefswechsel, volume I [1782]). Kant’s profound conception of 
space as an a priori perception, which is therefore subjective 
and in its subjectivity Euclidean, is much deeper than Lambert’s 
simple idea of objective space and so strictly unaffected by 
Lambert’s views on non-Euclidean geometry. However, we note 
that Kant nowhere rules out the logical possibilities of other 
geometries and that in the Critique of Pure Reason he only 
objects to hypothetical geometrical properties of figures 
appropriate to the obtuse angled geometry Lambert had refuted. 
A much less well known work of Lambert also brought him near 
to discovering a non-Euclidean geometry. The “Gedanken fiber 
die Grundlehre des Gleichgewichtes und der Bewegung” [BeytrXge 
1770, 363-6281 begins by raising what he regards as an old 
question: Whether the foundations of mechanics can be made as 
necessary and as a priori as those in Euclid’s geometry. These 
researches, he said later (§99), had also been pursued by 
D’Alembert [Opuscules Volume I 1761, 5th Memoir], D. Bernoulli 
[Comm. Acad. Sci. Petrop. Volume I] and Daviet de Foncenex in 
the M&langes de Philosophie et de Math&natigue de la Soci&tg 
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Royale de Turin volume two. The work of Foncenex, D’Alembert, 
and also Lagrange were discussed in this connection by the 
usually vigilant Bonola [1912], but he did not discuss Lambert’s. 
Bonola observed that the parallel postulate is equivalent to 
Archimedes* postulate on the lever which he states thus: When 
a lever is suspended from its middle point, it is in equilibrium, 
if a weight 2P is applied at one end, and at the other another 
lever is hung by its middle point, each of its ends supporting 
a weight PI' [1912, 1811. Lambert attempted to demonstrate this 
postulate by showing that alternatives to it are self-refuting, 
but his argument is vitiated by a fallacious interpretation of 
a limiting argument 520. He then turned to the law of composition 
of concurrent forces, which as Bonola remarked, is independent 
of the parallel postulate, and demonstrated it too, and the 
opportunity to develop a non-Euclidean statics was lost (it was 
to be taken in 1870’s, see the reference in Bonola). However, 
much of Lambert’s exposition makes use of elementary Euclidean 
geometry, and it seems that the “Gedanken . ..I’ is best seen as 
an attempt to establish conventional mechanics clearly upon a 
conventional base. The rest of the text, on dynamics and 
hydromechanics, is unremarkable. 
The rest of Lambert’s work in mathematics is available in 
two collections: The Beytr;iqe mentioned above, which was 
published in Lambert’s lifetime; and the Opera Mathematics 
[A. Speiser editor 1946-81. There is some overlap between the 
two. Many of the papers call for no particular comment: they 
reflect Lambert’s interest in elementary geometry, and in 
calculation (tables of the divisors of numbers from l-10,200 and 
so forth). Some of the papers in the Beytr;iqe have already been 
discussed. Lambert’s papers on differential equations are 
little more than competent exercises. But his papers on 
irrational numbers and continued fractions, and on the circular 
and hyperbolic functions, are fine and keep his reputation 
deservedly alive today. So we conclude this paper by turning 
to them. 
The trigonometric functions sin., cos., and tang., as Lambert 
called them, were conveniently studied in his day by means of 
infinite series, but this approach is not well suited to the 
calculation of numerical values of the functions. The convergence 
is often slow; and for other, related, functions such as 
log(l + x) the interval of convergence may be small. Lambert 
therefore sought a uniform method of tackling the computational 
problem, and found it in the techniques of continued fractions, 
which had been studied by Euler [Comm. Acad. Sci. Petrop. 9, 
98-137 pub. 1744 = opera (1) 14, 187-2151. In the “Verwandlung 
de-r Bruche” [Beytr;iqe 17701, Lambert explained the method 
whereby continued fractions can be most simply developed, since 
this involves considerable calculation, and illustrated his 
arguments with several examples. In 920 he converted the infinite 
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series log. (1 + 2) = z - (l/2) z2 + (1/3)z3 - . . . into a 
continued fraction and calculated successively better and better 
approximations to log. (6/S) by taking z = l/5. However, as he 
observed, the continued fraction still converges to values of 
the log function even when z > 1 and the infinite series diverges. 
So for example taking z = 2 he obtained a value for log 3, and 
he remarked (921): “One sees therefore that the fraction does 
not diverge, but indeed the true value is approached . . .” The 
same method is also applied to the calculation of the values of 
trigonometric functions and to the computation of square and 
cube roots . 
Lambert goes over much of this material again in a second 
paper in the Beytrdye, the “Vorlaufige Kenntnisse” [ 17701, but 
this time with an investigation of the numbers TI and e in mind 
(Euler had come close to proving e irrational in 1737, op cit.) 
and he states without proof his famous discovery that they are 
irrational. Since the proofs are given in his “Memoire sur 
quelques propri&gs remarquables des quantites transcendentes 
circulairs et logarithmiques” [Opera Math. II, 2 1761, 1768, 
17671 we consider that paper only. (For an extract see Struik 
[1969]). In it Lambert proposed to show that: “Toutes les fois 
qu’un arc de cercle quelconque est commensurable au rayon, la 
tangente de cet arc lui est incommensurable; et que 
reciproquement, . . .‘I and this furthermore with “toute la 
rigueur geometrique”. Lambert converts the infinite series for 
tan v into the continued fraction 
tan v = A/B = 1 
1:v - 1 
3:v - 1 .- 
5:v - 1 
7:v - 1 
9:v - etc. 
He observes 514 that in every case in which the arc is equal to 
an aliquot part of the radius all the quotients will be integers 
increasing in arithmetic progression. In this case the method 
of Euclid’s algorithm will apply, giving successive quotients 
Q’ and remainders RI, and the algorithm will finish when some Rn 
becomes equal to 0. But, he says, on the contrary this never 
happens. In fact, the Rn decrease faster than any geometric 
progression. Now, the greatest common divisor of A and B is the 
greatest common divisor of all the R1 and since this becomes 
smaller than any assignable quantity It follows that A and B 
have no greatest common divisor, and so tan v = A/B is indeed 
irrational whenever v is an aliquot part of the radius (550). 
Lambert then considered related expressions involving e, and was 
able to deduce that v and ev are never rational at the same time, 
if v # 0, that every rational hyperbolic logarithm is that of an 
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irrational number, and that all rational numbers have irrational 
natural logarithms. This suggested that e was transcendental, 
since none of its powers and none of its roots were rational, 
and he conjectured (but did not prove) that "aucune quantit6 
transcendante circulair et logarithmique ne sauroit Qtre exprimee 
par quelque quantitE irrationelle qui se rapporte B la mQme 
unit&, et dans laquelle il n'entre aucune quantiti transcendante." 
This statement had, of course, to wait over a hundred years 
before the special cases of 7~ and e could be proved. 
In the same paper Lambert then considered the analogy 
between the circular functions and their logarithmic (hyperbolic) 
counterparts, which, he said, de Foncenex had already treated 
in a very simple and direct manner in the M&langes . . . de Turin 
cl759 vol. 1, 1281. Lambert explored this analogy himself, 
and keeping the same names for the circular and hyperbolic 
functions, established formulae for the new functions resembling 
the multiple angle formulae for the circular functions sin, 
cos and tan. 
CONCLUSION 
Lambert's lifelong interest in philosophy, mathematics, and 
the sciences expressed itself in grandiose schemes and detailed 
study, naive presumptions and acute enquiries. Pious by nature, 
he was more of a renovator than a true originator, and in 
relative backwaters of experimental physics, logic, and geometry 
he saw much of value that others had missed. However, to 
remember him only for his isolated achievements is to miss the 
real challenge of Lambert, which is to understand the unity and 
diversity of his work. It was, one suspects, the breadth of 
Lambert's interests as much as his originality that gained him 
the admiration of his colleagues and for this reason he remains 
an attractive figure to the historian. In this article we have 
attempted a survey of his complete work with a view to high- 
lighting its inter-connections and its inconsistencies, its 
historical origins and its contemporary importance, but much, 
obviously, remains to be done. Lambert's manuscripts are still 
not completely edited, and if they remain thus throughout 1977 
(the bicentenary of his death) and 1978 (the 250th anniversary 
of his birth) they surely represent an interesting quarry for 
anyone hoping to elucidate his work further. Of greater 
importance perhaps is his role in the Academic Royale des 
Sciences et Belles Lettres in Berlin. Lambert is an interesting 
figure, and could well provide an excellent starting point for 
a series of investigations. 
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APPENDIX 
N. I. Styazhkin, in his recent book [1969], devoted Chapter 
Three section 2 to a discussion of Lambert's work in logic, by 
which he meant Lambert's study of the logical operations and 
of syllogisms and logical diagrams. He well describes Lambert's 
relationships with his contemporaries, and his discussion of the 
syllogistics is good, despite occasional minor slips and 
misprints. However, we disagree with his analysis of Lambert's 
ideas on the logical operations. He writes (op cit., p. 117) 
"The expression a + b represented for Lambert strict disjunction 
(in propositional logic) and symmetric difference (the union of 
classes with the exclusion of their common part) in the calculus 
of classes". We cannot find any evidence in support of his 
assertion at all; Styazhkin cites Neues Orqanon, 5190, but 
nothing there is relevant to the matter at hand (§190 is part 
of the discussion of logical figures and is devoted to 'A is 
either B or C' when B and C negate each other). Furthermore, 
Styazhkin's interpretation is contradicted by Lambert's own 
development of his ideas in the "Fiinfte Versuch". We have shown 
above how Lambert related Logical and mathematical addition in 
that work; if strict disjunction had been intended then A + A = 
2A = 0, and there is no conjunction between the two kinds of 
addition. Styazhkin is forced to admit this in his interpreta- 
tion (p. 119), but argues that the use of coefficients in 
Lambert's works can be eliminated. It seems to us that to do 
so in the way Sttazhkin suggests, by setting 2A = 0, is not 
supported by an analysis of Lambert's works, and flouts the 
analogy between arithmetic and algebra on the one hand and logic 
on the other that Lambert was so keen to exploit. We note 
furthermore that no expression 2A = 0 ever occurs in Lambert's 
work. Our interpretation of + is consistent with Lambert's use 
of it in the rest of his logical work (unlike the strict 
disjunction hypothesis), in particular it is consistent with the 
work on logical diagrams and tautologies, whereas it leads 
Styazhkin into one quotational error. He attributes to Lambert 
in the "Erste Versuch" the tautology a + alb = ba. 
to be a misreading of b + alb = a, 
This appears 
ax = a - alx in 28. 
which occurs in 32, or of 
This error enables him to maintain his 
thesis but would refute ours, so it is important to see it 
corrected. (n.b. in 532 b has already been assumed to be 
contained in a, a > b.) In the solution of the final problem 
in the work (xla = b and a/x = c implies x = a + b - c) the 
working we have supplied is Lambert's, which is much simpler 
than the fanciful account involving addition modulo two supplied 
by Styazhkin. It is also much shorter. 
It seems to us that these mistakes derive from Styazhkin's 
misguided attempt to make Lambert more modern than he is. 
Styazhkin endorses the view commonly found that Lambert antici- 
pated certain more recent developments in mathematical.logic, 
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including those of Boole (pp. 112, 118), but this view ignores 
Lambert's own accounts of what it was he was trying to do. 
Instead, as we have argued above, Lambert was a 'Leibnizian' 
interested in logic and language, and not an early Set-theorist. 
As such he was much more a man of his time, and is not, perhaps, 
without interest for us today. 
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NOTES 
1. Much of the material in this paper concerning Lambert 
and, more generally, methods and methodology in 18th century 
Science, is discussed in Tilling [1973]. This includes (Ch. 1) 
a discussion of experiments on magnetism, including Lambert's; 
(Ch. III) an account of early algorithms for treating errors; 
(Ch. IV) an account of the early mathematical development of 
error theory; (Ch. V) a chapter devoted to Lambert's work, and 
an extensive bibliography. 
2. "Da hier der Ort ist, die Algeber nicht als Algeber, 
sondern als Charakteristic tu betrachten, so setzen wir sie 
voraus, und marken daher an, dass diese Wissenschaft nur bestimmt, 
welche zusammengesetze Moglichkeiten aus allen moglichen 
Verbindungen der an sich unbedingten Postulaten der Grossenlehre 
entstehen, wie weit sie reichen, welche Verhgltnisse sie 
haben, und wie sie sich in einander verwandeln lassen." 
3. "Wenn man die Merkmale einer Sache entwickelt, so findet 
man, dass einige derselben andern Sachen oder Begriffen gemein 
sind, und diese zusammengenommen machen den Begrif des 
Geschlechts aus. Die andere Merkmale sind der Sache eigen, und 
unterscheiden folglich dieselbe von andern Sachen. Man nennet 
sie derowegen, zusammengenommen, den Unterschied der Art. ES 
macht also das Geschlecht und der Unterschied einer Sache den 
Begrif der Sache aus.'12 
4. "Der Begrif ay + aSy ist von dem Begrif (a-y + a6)y und 
ay(ay + 6) [sic, Lambert meant however, ay(y + S)] sehr 
unterschieden, weil (ay + a6)y = ay(y + 6) = ay dieses aber 
nicht ay 2 + a&y ist. Es lasst sich also (ay + a6)y nicht in 
2 
ay + a6y verwandeln... Das ist: das Geschlecht von vielen 
Merkmalen zusammengenommen, ist mit den Geschlechtern jeder 
Merkmale nicht einerley." 
5. He defined (810) a substance as "Alles was man als ein 
Ganzes durch sich bestehendes betrachten kann", and insisted (526): 
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“Diejenige Dinge so man zusammensetzen will, mussen Substanzen 
seyn... Eben dieses gilt such von der Absonderung...§27 Diejenige 
Begriffe so man verbinden will konnen nicht beyde Substanzen, 
wohl aber beyde Verhxltnissbegriffe oder Adjectiva seyn.. .§28 
Die Begriffe so man trennem will, ksnnen Substanzen und 
Attributen, oder beyde Substanzen oder such beyde Attributen 
seyn” [ 1728b, 1551. 
6. In particular Euler’s paper, “Reflexions sur les divers 
degres de lumiere du soliel et des autres corps celbstes”, 
M&moires de l'Acad&nie Royale des Sciences et Belles-Lettres 
for 1750 [published Berlin 1752, 280-3101. Lambert also 
acknowledged his debt to Robert Smith’s A Cornpleat System of 
Optics [ 17381. 
7. W. E. K. Middleton discusses Bouguer’s work on optics in 
his introduction to Bouguer's Optical Treatise on the Gradation 
of Light [Bouguer 19701. Our view of Lambert’s work differs 
slightly from his; he writes “[Lambert ‘s] instinct was to 
develop theory as far as possible, often on the basis of very 
little experiment”. Lambert, we feel, gave experiment a central 
position in his work; unfortunately his experiments were not 
so well-conceived as Bouguer’s. 
8. For these early algorithmic methods see Tilling [1973, 
Ch. III, 98-1241. Boscovitch first described his method in 
De Bononiensi Scientiarum et artium Instituto atque Academia 
Commentarii, 4 [1757, 3921. Mayer’s method appears in 
“Abhandlungen Uber die UmwXlzung des Monds urn sein Axe, und die 
scheinbare Bewegung der Mondsflecken” in Kosmographische 
Nachrichten und Sanm?lung . . . auf der Jahr 1748, 1 [Vienna 1750, 
Nuremberg 1750, 151-1591. 
9. See Mayer’s paper cited above. Euler is also said to 
have invented this ‘method of averages’ but we have found no 
evidence of this, see Tilling [1973, 146-1501. 
10. Despite the marked similarities in the cosmological 
speculations of Kant and Lambert they were developed 
independently. See Jaki: The Milky Way [1973]. 
11. “Bei Konstruktionen mit dem blossen Lineal hat nun die 
Perspektive vor der Geometrie vie1 voraus, weil die 
perspektivischen Parallel1 linien ohne MUhe gezogen werden 
kUnnen. . , Dieses kann nun machen, dass, wo bei einer geometrischen 
Aufgabe ein oder mehrere Data fehlen, sie inzwischen demnach 
perspektivisch konstruiet werden kann” [ 1774, 1621. 
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